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a b s t r a c t
Fractional calculus is a powerful tool that has been applied successfully for the analysis
of the complex systems. One interesting example of a complex mixture is given by the
multicomponent pharmaceutical samples having constant matrix content. The main aim
of this study is to develop a new approach based on the combined use of the fractional
wavelet transform (FWT) and the continuouswavelet transform (CWT) in order to quantify
atorvastatin (ATO) and amlodipine (AML) in their mixtures without requiring a chemical
pretreatment. In the first step, the absorption spectra of the compounds and their samples
were processed by the FWT method. In the next step, the CWT approach was applied to
the fractional wavelet spectra obtained in the above step. The aim of the application of
FWT is data reduction corresponding to the spectra of compounds and their commercial
samples. In the following step, the CWT was used for the quantitative resolution of the
composite signals of the analyzed compounds. Aftermethod validation, the proposed signal
processingmethods based on the combined use of the FWT and the CWTwere successfully
applied to the resolution of the composite spectra for the quantitation of atorvastatin (ATO)
and amlodipine (AML) in tablets.
© 2010 Published by Elsevier Ltd
1. Introduction
Fractional wavelet and wavelet analysis play an important role in various fields of science and engineering [1–6]. Several
important applications of the fractional calculus were shown during the last decades to solve a number of problems
in physics, biology, engineering and chemistry (for more details see the following references as well as the references
therein [7–15].
In analytical chemistry, it is known that the quantitative resolution of the overlapping spectra of the active compounds
in a given complex mixture is one of the fundamental open problems. Several spectral analysis methods including classical
derivative spectrophotometry and its modified version, orthogonal function method and Fourier transform method have
been used for the resolution of mixtures of compounds with overlapping signals.
In many applications of the above signal processing methods to the overlapping spectra of components, precise and
accurate determination of the compounds in samples is essential in the presence of overlapping spectral conditions.
The above spectral approaches may not give desirable analytical results due to the spectral resolution problems and the
optimization of the signal to noise ratio in all cases.
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In recent years, the developments of wavelet transform (WT) methods and its applications in analytical chemistry have
significantly amplified the potential power of various spectral analysis techniques. Itwas proved that the continuouswavelet
transform (CWT) approach is a powerful signal processing method for data reduction, de-noising, baseline correction and
resolution of multicomponent overlapping spectra (see for example Refs. [5,6]). To overcome the drawbacks of the classical
signal processing methods, CWT methods have been successfully used for the quantitative resolution of multicomponent
mixtures without using any priori separation procedure. However, for complex mixtures where the interference between
the compounds plays a significant role, the CWT is unable to give in general the best accuracy and precision. Therefore, this
method must be improved in order to describe in an optimal way the experimental results.
In this study, a double signal transform based on the combined use of FWT and CWT were developed for the resolution
of the composite spectra for the quantitation of atorvastatin (ATO) and amlodipine (AML) in tablets.
2. Mathematical tools
2.1. FWT method
Recently, a new and valuable transform wavelet transform based on the fractional B-splines was proposed [1–3]. As it
is known, the mathematical idea of fractional derivatives has represented the subject of interest for various branches of
science [7–15]. In addition it is already known that the splines play a significant role on the early development of the theory
of the wavelet transform [5,6,16–20].
The generalization of the spline constructions was proposed in [17], namely new wavelet bases with a continuous order
parameter was obtained. The new fractional splines possess all properties of the polynomial splines except of having the
compact support, when the order α becomes non-integer. The main advantage of this newmethod is that we can construct
the wavelet bases parameterized by the continuously-varying regularity parameter α.
2.2. B-spline
In the following we define briefly the notion of B-spline. A B-spline represents a generalization of the Bezier curve. Let
a vector known as the knot is defined T = {t0, t1, . . . , tm} where T represents a non-decreasing sequence with ti ∈ [0, 1],
and define control points P0, Pn. Let us define degree as p = m− n− 1. The knots tp+1, . . . , tm−p−1 are called internal knots.
If we define the basis functional as
Ni,0 (t) =
{
1, if ti ≤ t < ti+1 and ti < ti+1
0 otherwise (1)
and
Ni,p(t) = t − titi+p − tiNi,p−1(t)+
ti+p+1 − t
ti+p+1 − ti+1Ni+1,p−1(t), (2)
then the curve defined by
C(t) =
n∑
i=0
PiNi,p(t) (3)
is a B-spline.
2.3. Fractional B-spline
The fractional B-spline is defined as follows
βα+(x) =
∆α+1+ xα+
Γ (α + 1) =
+∞∑
k=0
(−1)k
(
α + 1
k
)
(x− k)α+
Γ (α + 1) , (4)
where Euler’s Gamma function is defined as follows
Γ (α + 1) =
∫ +∞
0
xαe−xdx (5)
and
(x− k)α+ = max (x− k, 0)α . (6)
The forward fractional finite difference operator of order α is given by
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∆α+f (x) =
+∞∑
k=0
(−1)k
(
α
k
)
f (x− k), (7)
where(
α
k
)
= − Γ (α + 1)
(Γ (k+ 1)Γ )Γ − k+ 1 . (8)
The B-splines fulfills the convolution property
β
α1∗+ β
α2+ = βα1+α2+ . (9)
The centered fractional B-splines of degree α are given by
βα∗ (x) =
1
Γ (α + 1)
∑
k∈Z
(−1)k
∣∣∣∣α + 1k
∣∣∣∣ |x− k|α∗ , (10)
where |x|α∗ is giving by
|x|α∗ =

|x|α
−2 sin (pi2 α) , α not even
x2n log x
(−1)1+npi , α even.
(11)
2.4. Fractional B-spline wavelets
The definition of the fractional B-spline wavelets is below
ψα+
( x
2
)
=
∑
k∈Z
(−1)k
2α
∑
l∈Z
(
α + 1
l
)
β2α+1∗ (l+ k− 1)βα+(x− k). (12)
The fractional splines wavelets obey the following∫ +∞
−∞
xnψα+(x)dx = 0, (13)
and the Fourier transform fulfills the following relations
ψˆα+ ($) = C (j$)α+1 , as$ → 0 (14)
and
ψˆα∗ ($) = C (j$)α+1 , as$ → 0, (15)
where ψˆα∗ ($) is symmetric. By inspection we observe that the fractional spline wavelets behaves like the fractional
derivative operator.
3. Experiment section
3.1. Instrumentation and software
The registration of the absorption spectra of ATV and AMD, and their samples was performed by using a Shimadzu
UV–visible spectrophotometer (UV-1600 double beam). The data treatments were performed by using theMicrosoft EXCEL,
Wavelet Toolbox in MATLAB 7.0 software. A FFT wavelet program was used within MATLAB 7.0.
3.2. Standard solutions
Stock solutions (25mg/100mL) of ATV and AMDwere separately prepared inmethanol. Calibration solutions of ATV and
AMD in the range of 4.0–20.0µg/mLwere prepared from the above stock solutions.We prepared an independent validation
set consisting of the synthetic mixtures of ATO and AML for the method validation.
3.3. Commercial tablet product
A commercial tablet formulation (Caduet r© Tablets, Pfizer Pharm. Ind., Godecke, Freiburg, Germany) containing 10 mg
ATV and 10 mg AMD per tablet of them was used for this investigation.
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Fig. 1. Absorption spectra (A) and FWT spectra (B) of ATV (- - -) and AMD (—) in the calibration range of 4–20µg/mL. Due to the large wavelength interval
the zooming FWT spectra was shown on the small figure.
4. Method development and application
The main purpose of this study is to develop a new approach based on the combined use of FWT and CWT with
zero-crossing technique in order to quantify ATV and AMD compounds in their mixtures without requiring a chemical
pretreatment. The spectral transformation including the application FWT and CWT to the resolution of the overlapping
spectra of the compounds in mixtures was named as ‘‘double signal transform’’. The application of the proposed double
signal transform contains two operational steps:
In the first step, FWT was applied to the composite absorption spectra of ATV and AMD compounds and their mixture to
obtain simultaneously data reduction and higher peak amplitudes. In the second step, CWT was applied to the FWT spectra
obtained in the first step. After double signal transform, FWT–CWT spectra were obtained.
FWT–CWT spectra combinedwith zero-crossing technique are used to determine the amount of ATV andAMD inmixture.
The application of the spectral transformation sequences to the resolution of the overlapping spectra of the analyzed
compounds in mixtures will be explained below.
4.1. FWT applied to the absorption spectra
In our case the absorption spectra of the calibration solutions for both ATV and AMD in the range of 4–20 µg/mL were
recorded in the spectral region 208.0 nm and 310.3 nm as shown in Fig. 1(A). The similar registration procedure was applied
to the samples containing ATV andAMD. The absorbance data vectors consisting of 1024 points obtained in the above spectra
were processed by the FWT approach.
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Fig. 2. The FWT–CWT spectra of ATV (- - -) and AMD (—) in the calibration range of 4–20 µg/mL.
The first problem is to find the optimal conditions of the FWT analysis. In this signal analysis, several parameters α and
depths of the decomposition (J) were tested for finding the optimal fractional signal processing and α = 0.55 and J = 3
were found to be the optimal one. Under the above mentioned optimal conditions, the FWT-coefficients were obtained in
the application of the fractional wavelet analysis to the absorbance data vectors of ATV and AMD in the calibration range
of 4–20 µg/mL. Fig. 1(B) indicates the FWT spectra obtained by plotting the FWT-coefficients against wavelength between
208.0 and 310.3 nm.
In the next step, the vectors of the FWT-coefficient corresponding to 128 data points in the wavelength range of
297.6–310.3 nm were used for the CWT procedure (see Fig. 1(B)). After this, the FWT-coefficients’ vectors corresponding
to 128 data points in the wavelength range 297.6–310.3 nm were considered for the CWT procedure (see Fig. 1(B)).
4.2. CWT applied to the FWT spectra
The FWT spectra of ATV and AMD in the spectral range of 297.6–310.3 nm were processed by the CWT method. In this
procedure, several continuous wavelet families were tested and Mexican wavelet hat function (Mexh) at the scale factor
(a) = 11 was found to be optimal for the proposed signal processing approach to reach highest recovery results for the
determination of both ATV and AMD compounds.
Under the above CWT conditions, Mexh–CWT was applied to the FWT-coefficients obtained from ATV and AMD signals.
As a result we have obtained the CWT-coefficients based on the transformation of the FWT-coefficients. In the following
step, the CWT spectra of ATV and AMD compounds were obtained by plotting the CWT-coefficients against wavelength
between 208.0 and 310.3 nm as shown in Fig. 2. This hybrid approach was named as ‘‘double signal transform’’ (FWT–CWT
method).
4.3. CWT applied to the original absorption spectra
For a comparison of the determination results of ATV and AMD in their mixture samples by the FWT–CWT method,
Mexh–CWT with the scale factor (a) = 64 was directly applied to the absorbance data vectors corresponding to the
absorption spectra of ATV and AMD presented in Fig. 1(A). As a result, the CWT spectra of ATV and AMD in the range of
4–20 µg/mL were obtained by recording the CWT-coefficients of absorbance values [Abs.] against wavelength between
208.0 nm and 310.3 nm as seen in Fig. 2.
4.4. Calibration graphs
In the application of the double signal transform (FWT–CWT), the FWT–CWT spectra obtained as explained in the
Sections 4.1 and 4.2 (see Fig. 2) were used for obtaining the calibration graphs for the ATV and AMD determinations.
Calibration graphs of ATV and AMD in the linear concentration range of 4.0–20.0 µg/mL were obtained by using the
FWT–CWT amplitudes at 303.1 nm and 305.2 nm for the determination of ATV and AMD in samples, respectively. Linear
regression analysis and its statistical results were illustrated in Table 1. The amount of ATV and AMD in samples was
determined by using the above calibration graphs based on the new FWT–CWT approach.
For a comparison aim of the FWT–CWT results, the direct application of the CWT method to original absorption spectra
was carried out as explained in the Section 4.3 and then CWT spectra of absorbance values were obtained as shown in Fig. 3.
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Fig. 3. The CWT spectra of [Abs.] for ATV (- - -) and AMD (—) in the calibration range of 4–20 µg/mL.
Table 1
Calibration parameters obtained by the linear regression analysis.
Parameter FWT–CWT method CWT method
ATV AMD ATV AMD
λ (nm) 303.1 305.2 249.8 261.1
Range (µg/mL) 4.0–20.0 4.0–20.0 4.0–20.0 4.0–20.0
m 7.22× 10−2 −7.66× 10−2 4.45× 10−2 −2.49× 10−2
n 3.37× 10−2 −2.70× 10−3 1.87× 10−2 1.69× 10−3
r 1.0000 0.9998 1.0000 0.9997
SE(m) 1.13× 10−4 9.68× 10−4 1.64× 10−4 3.28× 10−4
SE(n) 1.50× 10−3 1.28× 10−3 2.18× 10−3 4.35× 10−3
SE(r) 1.43× 10−3 1.22× 10−2 2.08× 10−3 4.14× 10−3
LOD (µg/mL) 0.14 1.12 0.33 1.17
LOQ (µg/mL) 0.46 3.75 1.10 3.90
m = Slope of the linear regression equation; n = Intercept of the linear regression equation; r = Correlation coefficient of the linear regression equation;
SE(m) = Standard error of the slope; SE(n) = Standard error of the intercept; SE(r) = Standard error of the correlation coefficient; LOD = Limit of
detection; LOQ = Limit of quantitation.
Two calibration graphs of ATV and AMD for the concentration range between 4.0µg/mL and 20.0µg/mLwere obtained by
measuring the CWT-intensities at 249.8 nm corresponding to a zero-crossing point for AMD and at 261.1 nm corresponding
to a zero-crossing point for ATV in the wavelength range of 208–310 nm, respectively. The obtained calibration graphs were
used for the quantitative analysis of ATV and AMD in their samples. Statistical results obtained by the linear regression
analysis were indicated in Table 1.
4.5. Method validation
In our study, a good linearity was observed for the proposed signal processing methods with the correlation coefficients
(r) approach to 1.0000 (see Table 1). The validation of the double signal transform (FWT–CWT) and CWT approaches were
performed by using an independent set of the synthetic mixtures containing ATV and AMD. Recovery results and their
relative standard deviation obtained by FWT–CWT and CWT methods were presented in Table 2.
The above numerical results indicate that the accuracy and precision of the results obtained by FWT–CWT were higher
than those obtained by the direct CWT method.
The limit of detection (LOD) and the limit of quantitation (LOQ) were calculated by using the standard deviation of slopes
of the linear regression equations were presented in Table 1.
4.6. Tablet analysis
The determination of ATV and AMD in a commercial tablet formulation was performed by using FWT–CWT and direct
CWT. We show the results of the related compounds in Table 3.
E. Dinç, D. Baleanu / Computers and Mathematics with Applications 59 (2010) 1701–1708 1707
Table 2
Recovery results of ATV and AMD in the synthetic mixtures by the proposed methods.
No. Recovery (%)
Added (µg/mL) FWT–CWT method CWT method
ATV AMD ATV AMD ATV AMD
1 4 10 100.5 100.0 101.5 102.8
2 8 10 101.8 99.2 103.7 103.8
3 12 10 103.5 98.0 104.1 109.6
4 16 10 102.8 97.9 103.6 107.3
5 20 10 100.2 103.8 100.5 103.5
6 10 4 101.3 102.9 102.5 105.6
7 10 8 101.5 100.7 102.7 110.5
8 10 12 104.7 100.0 106.2 104.3
9 10 16 104.8 99.2 108.8 103.1
10 10 20 101.1 97.7 108.7 101.0
Mean 102.2 99.9 104.2 105.1
SD 1.65 2.06 2.84 3.09
RSD 1.62 2.06 2.72 2.94
SD = Standard deviation and RSD = Relative standard deviation.
Table 3
Determination results of ATV and AMD in tables by the proposed methods.
mg/tablet
FWT–CWT method CWT method
ATV AMD ATV AMD
Mean 10.01 9.97 10.16 10.31
SD 0.06 0.15 0.07 0.26
RSD 0.65 1.46 0.72 2.50
SE 0.02 0.05 0.02 0.08
CL 0.04 0.09 0.05 0.16
Mean value corresponds to ten replicates for each compound determination; SE = Standard error, CL = Confidence limit (p = 0.05), amount claimed on
commercial tablet label: 10 mg ATV and AMD/per tablet.
5. Discussion
The idea of using the fractional techniques becomes popular during the last decades. The complex systems, as themixture
analyzed in this paper, require in some cases the fractional techniques in order to increase the accuracy and the precision
of the predicted results.
It was shown in this paper that the fractional wavelet method combined with continuous wavelet transform leads us to
some desired results. The numerical calculations show that the relative standard deviation has a smaller value under the
application of the combined method.
6. Conclusion
Thenewdoublemethod technique developed in this paper represents a newanduseful toolwhich can be used to describe
the quantitative analysis of the complex mixtures.
Although the original absorption spectra of ATV and AMD overlap in the same spectral region, successful spectral
separation results were obtained by using the FWT combined with the CWT.
The main advantage of FWT–CWT double signal processing method with respect to other spectral methods in the area
of the analytical chemistry is that we can perform an excellent optimization procedure to obtain higher peak amplitude
over a short wavelet domain. This increases the accuracy and precision of the method applied to mixture analysis. This
new double signal processing tool based on the combined application of FWT and CWT to the complex mixture is a new
alternative model for the minimization of experimental errors in spectral analysis. As a consequence, the proposed double
signal transformmethod can be applied for the quality control and the routine analysis of ATV and AMD compounds in their
commercial pharmaceutical tablets.
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